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Abstract

In this paper, we investigate the notions of convexity, strict convexity, and normal structure in the framework of
fuzzy metric spaces in the sense of George and Veeramani. These concepts are developed to extend classical
geometric ideas from metric spaces to fuzzy settings. Using these structures, we establish the existence of a
common fixed point for a pair of weakly compatible non-expansive self-mappings defined on compact convex
subsets of strictly convex fuzzy metric spaces. The main result relies on the existence of normal structure and
employs Zorn’s lemma to ensure minimal invariant subsets. Our theorem generalizes Takahashi’s fixed point
theorem from convex metric spaces to fuzzy metric spaces and extends it from a single mapping to a pair of
mappings. The results obtained unify and extend several known fixed point theorems in fuzzy and probabilistic
metric spaces, providing a broader framework for further developments in nonlinear analysis within fuzzy
environments.
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INTRODUCTION

Convexity is an important and widely studied concept in analysis and geometry. It is closely connected with many
other areas of mathematics and also appears in several problems in the natural sciences. Because of these
connections, convexity has been studied in many different types of spaces.

The main purpose of this paper is to introduce and study the concepts of convex, strictly convex, and normal
structures for subsets of fuzzy metric spaces in the sense of George and Veeramani [2]. After establishing these
notions, we prove a common fixed point theorem for a pair of weakly compatible non-expansive self-mappings
defined on strictly convex fuzzy metric spaces that possess a normal structure. Our result follows the ideas of the
classical fixed point theorem of Takahashi [5] and extends similar developments that have been made in
probabilistic metric spaces and intuitionistic fuzzy metric spaces.

The paper is organized as follows. In Section 2, we recall some basic concepts related to fuzzy metric spaces and

introduce the notions of compactness and fuzzy diameter. In Section 3, we define convex and strictly convex
structures in fuzzy metric spaces and introduce the ideas of normal structure and non-expansive mappings, along
with the concept of weakly compatible mappings. In Section 4, we show that compact convex subsets of strictly
convex fuzzy metric spaces possess a normal structure. Finally, in Section 5, we present our main result, which
establishes a common fixed point theorem for two weakly compatible non-expansive mappings on compact
convex subsets of strictly convex fuzzy metric spaces.
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2. PRELIMINARIES

We begin with the standard notion of a continuous t-norm.

Definition 2.1. A binary operation *: [0,1] X [0,1] = [0,1] is called a continuous t-norm if it satisfies:
(a) * is commutative and associative;

(b) * is continuous;

(c)a*1=aforalla € [0,1];

(da <candd < dimplya*xb < c*xdforalla,b,c,d € [0,1].

Some examples are a * b = min{a,b}and a *x b = ab.

In this paper, we consider fuzzy metric spaces defined in the sense of George and Veeramani [2].

Definition 2.2. [2]. A fuzzy metric space is a triple (X, M, *) where X is a non-empty set, * is a continuous t-
norm,and M : X X X X (0,00) — (0,1] satisfies, forall x,y,z € X and s,t > 0:

(FM1) M (x,y,t) > 0;

(FM2) M(x,y,t) = lifandonlyifx = y;
(FM3)M(x,y,t) = M(y,x,t);

(FM4) M(x z,t +s) = M(x,y,t) * M(y,z s);
(FM5) M(x,y,) : (0,0) = (0,1] is continuous.

The function M is called a fuzzy metric on X, and M (x, y, t) is interpreted as the degree of nearness between x and
y with respect to the time parameter t.

Remark 1. As usual, from (FM4) one obtains that M (x, y, ) is non-decreasing in ¢ for each fixed x,y € X.
The most common example of a fuzzy metric space that arises from an ordinary metric space is as follows:

Example 2.3. Consider the metric space (X, d) and let * be the product t-norma * b = ab. Then for x,y €
X and t > 0 set

M(x,y,t) = e~ d@xMt
is fuzzy metric and the triplet (X, M,*) is a fuzzy metric space.
We recall the topology generated by a fuzzy metric, as found in standard references.

Definition 2.4. [1] Let (X, M,*) be a fuzzy metric space. Forx € X,r € (0,1),and t > 0, the open ball with center
x and radius r at time t is

Bx,r,t)={yeX: M(x,y,t) >1—r}.
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It is well known that the family of all open balls forms a base for a Hausdorff topology on X. We denote this
topology by 7.

Definition 2.5. A subset K < X is called compact if it is compact with respect to the topology 7,,; that is, every
open cover of K has a finite subcover.

We will use the following characterization in terms of closed sets.

Lemma 2.6. Consider a fuzzy metric space (X, M,*) and let K < X. Then K is compact if and only if for every
collection {F, : a € A} of closed subsets of X with F, c K for eacha € A, the condition

Naeala =0
implies that there exist ay,...,a, € Asuch that N, F, =0
We next introduce a fuzzy analogue of diameter.
Definition 2.7. [3] Let (X, M,*) be a fuzzy metric space and A € X. For t > 0, define
dy (£)= infx,yeA SUpg<e<t M(x,y,€)
The constant
dy = supeso da(t)
is called the fuzzy diameter of the set A. We say that 4 is strongly fuzzy bounded ifd, = 1.

Remark 2. Every compact subset A of a fuzzy metric space is strongly fuzzy bounded. This follows because the
function M is continuous and the setr A X A X (0, t] is compact for each t > 0.

3. CONVEX STRUCTURE AND NORMAL STRUCTURE ON FUZZY METRIC SPACES

We now discuss a notion of convex structure in fuzzy metric spaces. This idea is similar to the convex structure
defined by Takahashi in metric spaces [5]. Later, this concept was extended to fuzzy metric spaces by Jesi¢ [3]
in the following way:

Definition3.1. [3] Let (X, M,*) be a fuzzy metric space. We say that X possesses a convex structure if there exists
a mapping

S:XxXx[01] =X
Such that

) S(x,y,0) =yand S(x,y,1) = xforall x,y € X;
(I)  Forallx,y,z € X,k € (0,1)andt >0

t t
M(S(x,vy,k),z,2t) > M (x, Z, ;)* M (y, Z, E) (D
A fuzzy metric space (X, M,*) together with such an S is called a convex fuzzy metric space.
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A normed linear space(X, |I. Il ) can be viewed as a convex fuzzy metric space, as shown in the following example:

Example3.2. Let (X, II. II) be a normed linear space. Define

=yl
M(x,y,t)=e t ,x,y€X, t>0,

and take * as the product t-norm a * b = ab.
Now define
S, y,k)=kx+ (1 —-k)y ke (0,1).

It can be easily checked that condition (1) holds for all x,y,z € X,k € (0,1) and t > 0. Hence (X, M,*,S) is a
convex fuzzy metric space.

Example 3.3. Let d(x,y) = x —y and

M ) 1t = T
@y 0= Fx =y

with * taken as the minimum #-norm. Define
Sx,y, k) =kx+ (1-k)y.

Then one checks that (1) holds for all x,y,z € X,k € (0,1) and t > 0,s0 (X, M,*,S) is a convex fuzzy metric
space.

Definition 3.4. Let (X, M,*,S) be a convex fuzzy metric space. A subset A € X is said to be convex if for every
x,y € Aand k € [0,1] we have S(x, y, k) € A.

Lemma3.5. [3] Let (X, M,*,S) be a convex fuzzy metric space and {K,} 4ep @ family of convex subsets of X.
Then their intersection
K = ﬂ K,

a€D

1S convex.

Proof. Ifx,y €K, then x,y € K,for eacha €D, so S(x,y,k)€K,for all a€Dand all kE€
[0,1]. Hence S(x,y, k) € K.

We now give a strict convexity condition as follows:

Definition 3.6. A convex fuzzy metric space (X, M,*,S) is said to be strictly convex if for any two distinct
points x,y € X , any k € (0,1), and every t > 0, the point z = S(x, y, k) is the unique element of X such that

M (x, Y, %) = M(z,y,t) and M (x, Y, ﬁ) = M(x,z1t)

For the main result, we will also use a stronger form of convexity inequality.

Acta Sci., 27 (2), 2026 37
DOI: 10.22178/acta.27.2.4



https://www.periodicos.ulbra.org/index.php/acta/article/view/694

ACTA
SCIENTIAE ISSN: 2178-7727

Lemma 3.7. Let (X, M,*,S) be a convex fuzzy metric space satisfying the following condition: for all x,y,z €
X, ke (0,1)andt > 0,

M(S(x,vy,k),z,t) >min{M(z,x,t),M(z,y,t)} 2)
Assume that there exists a point z € X for which
M(S(x,y,k),z,t) = min{M(z,x,t), M(z,y,t)} for every >0.
Then it follows that the point S(x, y, k) must coincide with either x or y, that is,
S(x,y,k) € {x,y}.

Proof. If (2) holds and equality occurs for some z € X and all ¢ > 0, then necessarily k = 0 or k = 1. Indeed,
if k € (0,1), (2) would give a strict inequality. Hence S(x,y,0) = y or S(x,y,1) = x,s0 S(x,y,k) € {x,y}

Lemma 3.8. [3] Let (X, M,*,S) be a strictly convex fuzzy metric space satisfying (2). Then for every x,y €
X with x # y there exists k € (0,1) such that S(x,y, k) € {x,y}.

Proof. Assume, on the contrary, that for all k € [0,1] we have S(x,y, k) € {x, y}. Using the defining equalities
for strict convexity and the properties of M, one obtains M(x,y,t) = 1for allt > 0, sox =y, which is a
contradiction.

We now give diametral points and normal structure.

Definition 3.9. [4] Let (X, M,*) be a fuzzy metric space and let A € X be a set withd, > 0 . A point x € A is
called a diametral point (with respect to M) if, for every >0, the following holds:

ds(t) = iNfyea SUPo<e<t M(x,y,€)

Definition 3.10. Let (X, M,*,S) be a convex fuzzy metric space. We say that X has a normal structure if every
closed, strongly fuzzy bounded, and convex subset Y € X containing at least two different points has a point x €
Y which is not diametral. In other words, there exists t, > 0 such that

infer Sup0<e<toM(x' y,€) > dy(to)

Definition 3.11. Let (X, M,*,S) be a convex fuzzy metric space and letY < X. The closed convex hull of Y,
denoted by conv(Y), is defined as the smallest closed and convex subset of X that contains Y. In other words, it
is the intersection of all closed convex subsets of X that contain Y.

The existence of conv(Y) is clear, since X is closed and convex and contains Y . By the previous lemma, the
intersection of convex sets is convex, and intersections of closed sets are closed.

Definition 3.12. Let (X, M,*) be a fuzzy metric space and let f : X — X be a mapping. The mapping f is said
to be non-expansive (with respect to M) if

M(fx, fy,t) = M(x,y,t)forallx,y € Xandt > 0.

Definition 3.13. Let f,g : X — X be mappings on a fuzzy metric space (X, M,*). The mappings f and g are
said to be weakly compatible if they commute at their coincidence points. That is, if there exists x € X such that
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fx = gx, then f(gx) = g(fx).

A point x € X for which fx = gx is called a coincidence point of fand g. A point x € X is called a common
fixed point of fand g if fx = x and gx = x.

4. NORMAL STRUCTURE FOR COMPACT CONVEX SETS

In this section, we first prove that compact convex subsets of strictly convex fuzzy metric spaces satisfying
condition (2) possess a normal structure.

Lemma 4.1. Consider (X, M,*,S) is a strictly convex fuzzy metric space satisfying (2). If K is a non-empty
compact convex subset of X, then K have a normal structure.

Proof- Suppose, on the contrary, that K does not possess a normal structure. Then every point of K is diametral.
Let dg (t) denote the fuzzy diameter of K. Since K is compact and the function

@(X) = infyel( SUPp<e<t M(X, Y 8)
is continuous on K, there exists x, € K such that
B(xo) = dg(t)
Thus x, is a diametral point of K.

Because K contains at least two points, there exists y, € K with x, = y,. Since K is convex, for any k € (0,1) the
point

z = S(Xo, Y0, k)

belongs to K.
From the strong convexity condition (2), we have for every w € K and t > 0,

M(S(xg, Yo, k), w,t) > min{M(w, xy,t), M(w, y,,t)}.
Taking the infimum over w € K and the supremum over 0 < € < t, it follows that
infyek SUPo<e<t M(z,w, €) > di (1)
Hence z is not a diametral point of K, which contradicts the assumption that every point of K is diametral.
Therefore K must contain a point which is not diametral. Hence K possesses a normal structure.
We also need that closed balls are convex under the strong convexity condition.

Lemma 4.2. Let (X, M,*,S) be a convex fuzzy metric space satisfying (2). Then foreachx € X,r € (0,1) and t >
0, the closed ball

B(x,r,t) ={yeX:M(x,y,t) =2 1—1}

1S a convex subset of X.
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Proof. Let a,b € B(x,r,t), so M(a,x,t)>1—r and M(b,x,t) >1—1r . Take k € (0,1) and setz =
S(a,b, k). By (2),

M(z,x,t) > min{M(a,x,t),M(b,x,t)} =1 —r,

soz € B(x,r,t). For k=0o0r k=1we have S(a,b,0) = band S(a,b,1) =a € B(x,r,t), so the ball is
convex.

5. COMMON FIXED POINT THEOREM FOR TWO WEAKLY COMPATIBLE MAPPINGS

We now prove the main common fixed point theorem for a pair of non-expansive mappings defined on compact
convex subsets of a strictly convex fuzzy metric space. For this purpose, we use the following form of Zorn’s
lemma.

Lemma 5.1 Let (P, <) be a non-empty partially ordered set in which every chain has a lower bound. Then P has
a minimal element.

Theorem 5.2. Assume that (X, M,*,S) is a strictly convex fuzzy metric space satisfying (2). If Kis a non-empty
compact convex subset of X and f,g : K = K are non-expansive mappings that are weakly compatible, then f
and g possess a common fixed point in K.

Proof. Let F be the collection of all non-empty, closed and convex subsets A € K such that
f(A) c Aand g(A) c A.
Note that F is non-empty, since K € F.
Partially order F by inclusion. Let {4; : i € I} < F be a chain. Then
A= ﬂ A;
iel
is non-empty (otherwise the closed sets A1 would contradict compactness of K), closed and convex, and clearly

f(A) € Aand g(A) c A. Thus A is a lower bound for the chain. By Zorn’s lemma, there exists a minimal element
K, € F.

We claim that KO consists of a single point. Suppose on the contrary that K, contains at least two distinct points.
Then, by Lemma 4.1, K, possesses a normal structure, since it is compact (as a closed subset of K) and convex.
Hence there exists a non-diametral point xyeK,, so there is t, > 0 such that

infyeKo SUPo<e<t, M(xo,y,€) > dKo (to)
set

L =1 = infyek, SUPo<e<ty M (X0, Y, €),
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SO 1 - 77 > dKO(tO)'
Let K; be the closed convex hull of (Kjy) U g(K,) , that is
Ky = conv(f(Ko) U g(Kp)) -

Since f(Ky) U g(Ky) < K, and K, is closed and convex, we have K; © K. Also, f(K;) U g(K;) < f(K,) U
g(Ky) € K, soK; € F. By minimality of K, we obtain K; = K.

Now consider the family of closed balls
C = Nyex, B M t0), C = Nyer(ky)ugko) BOHM o),
where
B(y,nto) = {z € X: M(y,2,t) = 1-n}
by construction, x, € C, since for all y € K, we have
SUPo<e<t, M(Xo,y,€) 21 =1,
which implies M (x,,y,t;) = 1 — n by monotonicity in t. Hence C is non-empty.

Using Lemma 4.2 and the fact that intersections of closed convex sets are closed and convex, both C and C; are
closed and convex. Since f(K,) U g(K,) € K,, it is clear that C; c C.

We claimthat f(C) € C;and g(C) < C;.Letz€Candy € f(K,). Thereexists x € K,suchthaty = f(x).
Sincez € C,M(x,z,ty) = 1—n. As f is non-expansive, we have

M(f(2),y.t0) = M(f(2),f(x),t0) = M(z,x,t) = 1—n,

so, f(z) € B(y,n,ty) for all y € f(Ky). A similar argument with g shows that g(z) € B(y,n,ty) forall y €
g(Ky). Thus f(C) < C;and g(C) < ;.

Since C; € C € K, and C is non-empty, closed and convex with f(C) c C and g(C) c C, we have C € F. By
minimality of K, we must have C = Kj.

However, by construction, C € K, and for all z € C,

M(z,y,ty) = 1—nforally € K,,
hence

de(t) = 1—m > dyg, (to)-

Since C = K, this gives dg, (to) > dg, (to), a contradiction. Therefore KO must consist of a single point,
say Ko = {x"}.
Because f(Ky) € Kyand g(K,) € Ky, wehave f(x*) € {x"}and g(x*) € {x*},so f(x*) = x"and g(x*) =
x*. Thus x* is a common fixed point of f'and g, which completes the proof.
If we put g = f in Theorem 5.2, then we have the following result:
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Corollary 5.3. Let (X,M,*,S) be a strictly convex fuzzy metric space satisfying (2), and let K be a non-empty
compact convex subset of X. If f: K — K is a non-expansive mapping, then f has a fixed point in K.

Since commuting mappings are also weakly compatible, in view of in Theorem 5.2, we have the following result:

Corollary 5.4. Let (X,M,*,S) be a strictly convex fuzzy metric space satisfying (2). Let K be a non-empty
compact convex subset of X. If f,g+ K — K are commuting non-expansive mappings, then f and g have a
common fixed point in K.

CONCLUSION

In this paper, we established a common fixed point theorem for a pair of weakly compatible non-expansive
mappings defined on compact convex subsets of strictly convex fuzzy metric spaces satisfying a convexity
condition. The result extends Takahashis [5] fixed point theorem from convex metric spaces to the framework of
fuzzy metric spaces. It also generalizes earlier fixed point results for a single mapping and provides a common
fixed point result for two mappings in this setting.
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