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ABSTRACT 
In this paper, a static analysis to establish a mathematical model using high order bending theories 

considering shear strains in displacement fields which have not been taken into account by other theories for 

functionally graded material (FGM) cantilever beams under bending. A new polynomial shear function 

satisfied the stress-free boundary conditions is used in this investigation. These theories do not require a 

shear correction factor and consider a hyperbolic shape function. Material properties are assumed to vary in 

the thickness direction, a simple power-law distribution in terms of volume fractions of constituents is 

considered. Two illustrative cases, a cantilever FGM beam subjected to a concentrated shear force at the free 

end, and also as a cantilever FGM beam with uniformly distributed load are presented the originality of this 

research work, in this investigation. The mathematical model is established by differential equations which 

are derived by the principle of virtual work. Equilibrium equations and boundary conditions are introduced. 

The solution model is based on a variation approach (integrals) to predict the field component of 

displacements and the basic constitutive laws. The solution of the analytical model is presented. The results 

in terms of displacement fields including rotation of the section, and shear stresses, predicted from    the 

proposed model, are presented. 

 

Keywords: High order theories and bending. Mathematical model. Cantilever Beams. New polynomial 

shear function. Displacement fields. Shear stress. 

 

INTRODUCTION 

Reddy (Reddy et al., 2000) presented theoretical formulation and element models finite based on third order 

theory to analyze FGM plates. Ghugal et al. (Ghugal et al., 2009; Dahake et al., 2012) proposed elasticity 

analytical solutions for the static flexure analysis of thick isotropic beams subjected to concentrate load 

and/or uniform distribution load with various end conditions and compared the displacement field of 

illustrative cases to those of Timoshenko and solutions in literature. 

Gandhe et al (Gandhe et al., 2018) studied static flexural analysis of thick beams using hyperbolic shear 

deformation theory. The virtual work principle was used to derive governing equations of beams. 

Displacements and stresses obtained for beams under variable loads were compared to those predicted from 

Timoshenko and higher order theories. 

Guenfoud et al (Guenfoud et al., 2016) proposed a new polynomial shear function which satisfies the stress-

free boundary conditions; however, this theory has strong similarities with Timoshenko beam theory in some 

concepts such as equations of movement, boundary conditions and stress resultant expressions.   

Aydogdu et al (Aydogdu et al., 2007) have studied the free vibration analysis of functionally graded beams, 

governing equations by Hamilton’s principle and Navier type solution to obtain frequencies of FG beam 

with simply supported ends. As mainly results, the classical beam theory (CBT) gives higher results; 

furthermore, the difference between the CBT and higher order theories is increasing with increasing the 

mode number.  

Y. Huang et al. (Huang et al., 2010) were studied the free vibration of axially FGMs with non-uniform cross-

sections. Solve free vibration of Euler–Bernoulli beams with continuously varying flexural rigidity and mass 

density, by using the integration technique to transform the differential governing equations into the 

Fredholm integral equations, for obtain natural frequencies. 

http://www.periodicos.ulbra.br/index.php/acta/
mailto:batiaissa85@gmail.com
mailto:b.taallah@gmail.com
mailto:abdelhak_khechai@hotmail.fr
mailto:a.zaidi@lagh-univ.dz


         ISSN: 2178-7727 

 

111 

 

Acta Sci., 24(6), Nov./Dec. 2023 

 

Benatta et al. (Benatta et al., 2009; Benatta et al., 2008) carried out a static analysis of short FGM beams 

with simply supported ends including warping and shear deformations effects. The results obtained showed 

that the proposed formulation permits, for warping of the cross-section of the FGM beam, to eliminate the 

necessity to use the arbitrary shear correction coefficients. Also, studied the response of the bending of short 

hybrid composite beams varying fibers spacing. Authors proved that the hybrid FGM with a fiber volume 

fraction variation, can improve the beam design.  

Bouremana et al. (Bouremana et al., 2013) were presented a new first shear deformation theory based on 

neutral surface position for FGM beams, in which a system of equations of motion equations are derived by 

Hamilton's principle, several comparison studies are investigated, the effects of different parameters of the 

beam on the bending and free vibration responses.  

Akbas (Akbas et al., 2018) was analyze large deflections of a fiber reinforced composite cantilever beam 

under point loads. The problem is solved by FEM and considering the total Lagrangian approach with 

Newton-Raphson iteration method. Simsek (Şimşek et al., 2009) was studied functionally graded (FG) 

simply-supported beam using Ritz method, 

under bending. The solution carried out research works on the displacements and the stresses. 

Zaoui et al. (Ziou et al., 2021) were carried out research works on the bending and free vibration of 

functionally graded material (FGM) beams. Equations of motion are derived from Hamilton’s principle and 

Navier-type analytical solutions. 

Zhong et al. (Zhong et al., 2007) proposed elasticity analytical solutions for functionally graded cantilever 

beams under different load types. 

Ziou et al (Zaoui et al., 2017) analyzed a cantilever functionally graded material (FGM) beam subjected to a 

concentrated force at the free end for different ratio of length-to-thickness chosen using finite element 

method. The governing equations and boundary conditions are derived from virtual work principle. The 

numerical results prove that deflections are more highly for metal rich beam compared to those of ceramic 

rich beam, furthermore, this deflection increases as the power law index increases. In addition, the 

Timoshenko beam theory is used to examine deflections, stresses distribution, and strains on the beam. 

However, these previous research works as seen in this literature review did not investigate sufficiently the 

cantilever beams taken into account the shear deformations in the displacement fields.  

The aim of this paper is to propose mathematical model for cantilever FGM beams under bending, 

considering shear strains in the displacement fields is efficient to predict the solution. Briefly, the manuscript 

is organized by description of material properties as well as the proposed mathematical model for two cases; 

Case1 a cantilever beam with concentrated load (P) at free end. In addition; Case2 a cantilever beam with 

uniformly distributed load (q). Based on high-order bending theories to determine the governing differential 

equations which are derived by the virtual work principle and solved by integrals. Then, a numerical and 

discussion of results, in terms of displacement fields, shear stresses. This proposed analytical model using a 

new polynomial shear function is a new contribution.  

 

MATERIAL AND CROSS SECTION PROPERTIES 

Material Properties  

The stiffness coefficients E(z) and G(z) obtained based on the mixing rule of constituents, can be written as 

follows: 

𝐸(𝑧) = EFVF(z) + EM(1 − VF(z))                                     (1) 
1

𝐺(𝑧)
=

VF(z)

GF
+

𝟏−VF(z)

GM
                                    (2) 

 

Where VF: Fiber volume fraction; EF: Young modulus of fiber; EM: Young modulus of matrix; GF: Fiber 

shear modulus; GM: Matrix shear modulus. 

Equation (3) which presents a simple power law with index n on the z-axis and the height of the section, 

following the constituent mixing rule, can be written as: 

VF(z) = V2 + (V1 − V2)(2
z

h
)n                                                                                                                      (3) 

The fiber volume fraction VF varies through the thickness, with values V1=VF(h/2) and V2=VF (0). 
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Cross Section Properties 

Equation (4) illustrates the stiffness coefficients of beam A11, B11 and D11 which are extension, bending-

extension coupling, and bending stiffness coefficients, respectively; its expression under integrals between 

the half–heights of the section is given by: 

    {𝐴11, 𝐵11, 𝐷11} = 𝑏 ∫ E(z){1, z, z2}dz
𝑧=

h

2

𝑧=
−h

2

                                                                                                   (4) 

Although, Ba
11, Da

11, Fa
11 which represent the additional coupling coefficients and the bending stiffness 

depending on the shape function φ(z), are presented under the following integrals: 

{𝐵𝑎
11, 𝐷𝑎

11, 𝐹𝑎
11} = 𝑏 ∫ E(z)φ(z){1, z, φ(z)}

𝑧=
h

2

𝑧=
−h

2

dz                                                                                    (5)              

Also, the coefficient of the additional transverse shear stiffness is:  

  𝐴𝑎
55 = 𝑏 ∫ G(z)

𝑧=
h

2

𝑧=
−h

2

(
𝜕φ(z)

∂𝑧
)2dz                                                                                                                     (6) 

 

MATHEMATICAL MODEL 

Displacements fields  
The displacement components are defined from the equations (9) to (11) along the x and z- directions of the beam, 

when the rotation of the section θ(x) is measured on the mean line: 

𝑢(x, z) = u0(x) − z
𝜕w(x)

𝜕𝑥
+ 𝜑(𝑧)[

𝜕w(x)

𝜕𝑥
+ θ(x)]                                                                                              (9) 

V(x, z) = 0                                                                                                                                                       (10) 

w(x, z) = w0(𝑥)                                                                                                                                               (11) 

 

While, the normal stress and the shear stress of Hooke’s basic constitutive law are presented as follows: 

σxx(𝑥) = E(z)x                                                                                                                                               (12) 

xz(𝑥) = G(z)
xz

                                                                                                                                              (13) 

 

New polynomial shear function  

A new polynomial shear function contribution is proposed in this section. This function is given as below:  

𝜑(𝑧) = z (
13

12
−

13z2

 9ℎ2 )                                                                                                                                      (14) 

At the both top and bottom fiber where (𝑧 = ±
h

2
), the first derived of polynomial shear function 

𝜕φ(𝑧)

∂z
=  0. 

In addition, the nullity of the shear stress can be confirmed at theses fibers. 

𝜕φ(𝑧)

∂z
=

13

12
−

13𝑧2

 3ℎ2
                                                                                                                                                (14 − a) 

The second derived for (z=0) involves that the shear stress is maximal at the midline fiber, when φ (z=0) =0. 

∂2φ(𝑧)

 ∂𝑧2
= −

26 z

3ℎ2
                                                                                                                                                    (14 −  b) 

 

DISPLACEMENTS AND STRAINS  

Equilibrium equations  

Considering the geometric dimensions of the beam at the boundary restrains, as shown in figure 1 and 2, 

having a width (b), span length (L), thickness (h), inertia (I), under transverse concentrate load (P) and also a 

distributed uniform load (q). In this section, it can be noted that only a pure flexure is reported.  The virtual 

work principle applied in brief on the beam is defined as follows: 
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𝑏 ∫ ∫ (
x
x + xzγxz

𝑧=
h
2

𝑧=
−h
2

𝑥=𝐿

𝑥=0

)𝑑𝑥𝑑𝑧 − ∫ qwd𝑥
𝑥=𝐿

𝑥=0

= 0                                                                                    (15) 

𝑏 ∫ (𝑁
𝑥=𝐿

𝑥=0

∂u0

 ∂x
− Mb

∂2w0

 ∂𝑥2
+ Ms

∂ψx

 ∂x
+ Qψx)dx − 𝑏 ∫ qw0d𝑥 = 0                                       (15 − a)   

𝑥=𝐿

𝑥=0

 

 

Equations (15-b) and (15-c) present the normal resultant force (N) and the shear resultant force (Q), 

respectively. 

𝑁 = ∫ x𝑑𝑧
ℎ

2
−ℎ

2

                                                                                                                                              (15-b) 

𝑄 = ∫
𝜕𝜑(𝑧)

∂𝑧


𝑧𝑥
𝑑𝑧

ℎ

2
−ℎ

2

                                                                                                                                     (15-c) 

The bending moment (Mb) and the shear bending moment (Ms), equations (15-d) and (15-e), respectively, 

are given by: 

Mb = ∫ zx𝑑𝑧
ℎ

2
−ℎ

2

                                                                                                                                          (15-d) 

Ms = ∫ 𝜑(𝑧)
x
𝑑𝑧

ℎ

2
−ℎ

2

                                                                                                                                    (15-e) 

Equilibrium equations (16) to (19) are derived by deductions from the integrals:   

                                 
∂N(x)

 ∂x
= 0                                                                                                                                                        (16) 

∂2Mb

 ∂𝑥2 + q = 0                                                                                                                                                  (17)  

∂2Ms

 ∂𝑥2 +
∂Q

 ∂x
+ q = 0                                                                                                                                         (18) 

∂M(x)

 ∂x
− N(𝑥) = 0                                                                                                                                           (19) 

 

The equilibrium equation in terms of displacement and shear can be written as below: 
∂2𝜑x

 ∂𝑥2 −
𝐷11

 𝐹55
(𝜑x +

∂𝑤0(𝑥)

 ∂𝑥
) = 0                                                                                                                        (20) 

Also, 
∂2w(𝑥)

 ∂𝑥2
+

∂𝜑x

 ∂𝑥
+ 𝐹55q = 0                                                                                                                                (21) 

Where, 𝐷11 =
b

𝐸𝑥I
 is the bending stiffness constant of the beam. And , 𝐹55 =

1

ℎ𝐺𝑥𝑧
 is the shear stiffness 

constant of the beam. 

 

Boundary conditions 

The application of essential boundary conditions (Neumann) and natural (Dirichlet) for displacement and 

forces with a consideration: 

- Case1: Boundary conditions of cantilever beam with concentrated load (P) at free end 
∂w

 ∂𝑥
= 𝜑x = w = 0   for 𝑥 = L                                                                                                              (22) 

 

- Case2: Boundary conditions of cantilever beam with uniformly distributed load (q) 

𝐷11
∂3w(𝑥)

 ∂𝑥3
= 𝐷11

∂2𝜑x

 ∂𝑥2
= 𝐷11

∂2w(𝑥)

 ∂𝑥2
= 𝐷11

∂𝜑x

 ∂𝑥
= 0    for x = 0                                                         (23) 

∂w

 ∂𝑥
= 𝜑x = w = 0   for x = L                                                                                                              (24) 
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Illustrative case1: 

Equation 25 presents the displacement expression according to the classical beam theory of a cantilever 

beam with concentrate load P at free end (Figure 1), is given by the followings: 

𝜐(x) = −𝑥(𝑥2 − 3L𝑥)                                                                                                                                   (25) 

 
Figure 1 - Cantilever beam with concentrate load P at free end. 

 

Equation 26 and 27 are respectively the dimensionless shear coefficient and the function φθ (z) which is 

derived from the solution, are taken as follows: 

𝑆 =
3

4𝐿2

𝐷𝑎
11

2

𝐴𝑎
55𝐷11

                                                                                                                                              (26) 

𝜑(x) = 𝑥 +
1

𝛺
( 𝑐𝑜𝑠ℎ (𝛺𝑥) −  𝑠𝑖𝑛ℎ (𝛺𝑥) − 1)                                                                                        (27)      

Finally, the displacement components are as follows: 

𝑢(x, z) = −z
Fz𝐿2

3𝑏𝐷11
(

𝜕υ(x)

∂𝑥
+ 2𝑆

𝜕𝜑(x)

∂𝑥
)] + φ(z)

Fz

b𝐷𝑎
11

(
4𝐿2

3
 𝑆  

𝜕𝜑(x)

∂𝑥
)]                                                        (28)        

 𝑉(x, z) = 0                                                                                                                                                     (29) 

𝑤(x) =
Fz𝐿2

3𝑏𝐷11
[𝜐(x) + 2𝑆 𝜑


(x)]                                                                                                                          (30) 

The deformation components along x and z-directions of the beam are given as follows: 

𝜀(x, z) = −z
Fz𝐿2

3𝑏𝐷11
(

𝜕2υ(x)

∂𝑥2 + 2𝑆
𝜕2𝜑

(x)

∂𝑥2 ) + φ(z)
Fz

b𝐷𝑎
11

(
4𝐿2

3
 𝑆  

𝜕2𝜑
(x)

∂𝑥2 )                                                              (31) 

In addition, the transverse shear deformation is written as:  

    0
xz

(𝑥, 𝑧) =
𝜕 𝜑(𝑧)

∂𝑧

4Fz𝐿2

3b𝐷𝑎
11

𝑆 
𝜕𝜑(x)

∂𝑥
                                                                                                               (32) 

 

Illustrative case2: 

Figure2 is a cantilever beam with uniformly distributed load (q), their displacement is derived from the 

classical beam theory, for the interval (0≤ x ≤ L), the analytical expression is as follows: 

 

𝜐(x) = −𝑥2(𝑥2 − 4L𝑥 + 6𝐿3)                                                                                                                      (33) 

 
Figure 2 - Cantilever beam with uniformly distributed load q 

 

When taking shear into account, the coefficient without dimensionless can be expressed as the form: 

𝑆 =
2

𝐿2

𝐷𝑎
11

2

𝐴𝑎
55𝐷11

                                                                                                                                                (34) 
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The function φθ (z) which is derived from the solution can be defined by the following expression: 

𝜑(x) = 1 − (
x

L
)2 +

2 𝛺 L [sinh(𝛺 𝐿)− sinh (𝛺 𝑥)]

(L𝛺)2 cosh(𝐿𝛺)
+

2 cosh 𝛺 (𝐿−𝑥)

(L𝛺)2 cosh(𝐿𝛺)
                                               (35)                                               

The analytical solution of the displacement components, are written as illustrated by equations (36) to (38): 

𝑢(x, z) = −z
Fz𝐿2

8𝑏𝐷11
(

𝜕υ(x)

∂𝑥
+ 2𝑆

𝜕𝜑(x)

∂𝑥
)] + φ(z)

(Fz=qL)

b𝐷𝑎
11

(
𝐿2

2
 𝑆  

𝜕𝜑(x)

∂𝑥
)]                                                       (36)        

 𝑉(x, z) = 0                                                                                                                                                     (37) 

𝑤(x) =
Fz𝐿2

8𝑏𝐷11
[𝜐(x) + 2𝑆 𝜑


(x)]                                                                                                                            (38) 

However, the deformation components along x and z-directions of the beam are given as follows: 

𝜀(x, z) = −z
Fz𝐿2

8𝑏𝐷11
(

𝜕2υ(x)

∂𝑥2 + 2𝑆
𝜕2𝜑

(x)

∂𝑥2 ) + φ(z)
Fz

b𝐷𝑎
11

(
𝐿2

2
 𝑆  

𝜕2𝜑
(x)

∂𝑥2 )                                                               (39) 

Furthermore, the transverse shear deformation is written as:  

    0
xz

(𝑥, 𝑧) =
𝜕 𝜑(𝑧)

∂𝑧

(Fz=𝑞𝐿)𝐿2

4b𝐷𝑎
11

𝑆
𝜕𝜑(x)

∂𝑥
                                                                                                           (40) 

 

DISCUSSION OF NUMERICAL RESULTS  

Numerical characteristics and discussion of Case1:  

The geometrical and mechanical properties of the studied beam are as follows:  

Length L=1m; Width b=0,1m; Height h=0,01m; Load FZ =1kn; Ec=151GPa; Em=75,5GPa; 𝜐c=0.3; 𝜐m=0.25. 

Figure 3 presents the variation of transverse max displacements predicted from the proposed analytical 

model of case1, it can be seen that the total displacement is greater. These distributions are not linear for 

homogeneous beams. We note that the influence of the material parameter is unlimited and its increase. 

 
Figure 3 - Distribution of max displacement versus (x/L) as function as (L/h=100) for cantilever beam 

under concentrated load. 

 

Figure 4 presents the variation of the transverse shear stress through the thickness of the cantilever FGM 

beam under concentrated load, and shows a cubic distribution of transverse shear stresses using higher-order 

theories (PDSBT). 
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Figure 4 - Distribution of shear stress versus (Z/h) through the thickness of the beam for(L/h=100) for 

cantilever beam under concentrated load. 

 

Numerical characteristics and discussion of Case2:  

The geometrical and mechanical properties of the cantilever beam subjected to distributed uniform load are 

as follows: Length L=1m; Height h=0.01m; Width b=0.001m; Load q=1Pa; υ=0.25; Ec=10000GPa; 

Em=1000GPa; υ=0.25; L/h=100.  Figure 5 presents the variation of transverse max displacements predicted 

from the proposed analytical model of case2. It can be observed a max displacement curve through the 

thickness exhibit a nonlinear distribution for higher-order theories (PDSBT) used. 
 

 
 

Figure 5 - Distribution max of displacement versus (x/L) as function as (L/h=100) for cantilever beam 

with uniformly distributed load. 

 

Figure 6 presents the variation of the transverse shear stress through the thickness of the cantilever beam 

under uniform load. It can be noted the maximum value of the transverse shear stress predicted from the 

proposed function is about 0.75x105. 
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Figure 6 - Comparison of transverse shear stress variation (𝜏xz ) versus z/h of the beam for L/h=100 

 

CONCLUSION  

The Euler-Bernoulli’s theory leads to an expression for simple bending without shear. For Timoshenko’s 

theory is introduced that allows for the shear to be taken into account as linear shape functions. Finally, 

Higher-order shear strains new theories are used which include nonlinear shape functions and stress nullities 

at the bottom and top faces of the section through the beam thickness. A new analytical model is proposed 

taking into account shear strains in displacement fields for cantilever FGM beams under bending. The results 

in terms of displacement fields including shear strains and section rotation, strains and stresses, are 

presented. In fact, the results obtained in this study allow drawing the following conclusions: 

1. Displacement assumed to be varied in increase when the ratio (L/h) increases and vice versa until 

failure of section under loading. The proposed mathematical model taking into account the shear 

strains in the displacement field is efficient for cantilever FGM beam under bending. 

2. The new polynomial shear function exhibits a good convergence with those of the other higher order 

shear deformation beam theories. Thus, the proposed shear function can be used by the future 

studies. 

3. On the neutral axis, can be seen the shear stress across beam thickness is symmetric. 

4. Thickness of beam increase must lead to an increase of the transverse shear stress. Furthermore, 

having the new polynomial shear function satisfied the stress-free boundary conditions. 

 

Appendix-1: Case-1 
𝜕φ

θ
(𝑥)

∂𝑥
=  sinh Ωθx − cosh Ωθx − 1 

 

𝑤(x) =
Fz𝐿2

3𝑏𝐷11
[   −

1

2𝐿2 𝑥3 +
3

2
𝐿 +   

6

4𝐿2

𝐷𝑎
11

2

𝐴𝑎
55𝐷11

 [𝑥 +
1

𝛺
( cosh (𝛺𝑥) −  sinh (𝛺𝑥) − 1)]    ]     

θ(𝑥) =
Fz𝐿2𝐷𝑎

11

3𝑏𝐷11 𝐴𝑎
55

[
3 𝐴𝑎

55

2𝐷𝑎
11𝐿2

𝑥2 +
6

4𝐿2
(

𝐷𝑎
11

𝐷11
) [1 −  cosh (𝛺𝑥) +  sinh (𝛺𝑥)] ] 

 

Appendix-2: Case-2 
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−

𝑥 

𝐿
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8𝑏𝐷11
[

𝑥4
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4

3L
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(𝐷𝑎
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)2
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55
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(L𝛺)2 cosh(𝐿𝛺)
+

2 cosh 𝛺 (𝐿 − 𝑥)

(L𝛺)2 cosh(𝐿𝛺)
) ] 

 
 

θ(𝑥) =
q𝐿2𝐷𝑎

11

8𝑏𝐷11 𝐴𝑎
55

[
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11
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 𝑐𝑜𝑠ℎ(𝛺𝜃L)
−
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−

𝑥 

𝐿
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